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ORBITS OF EUCLIDEAN FRAMES
UNDER DISCRETE LINEAR GROUPS
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ABSTRACT

We obtain certain sufficient conditions for the orbit of a (euclidean) p-frame
over a vector space V, p <dim V, under the action of a discrete subgroup of
GL(V), to be dense in the corresponding orbit of a Lie subgroup of GL(V).
Using the result we classify the p-frames whose orbits under SL(n, Z) are dense
in the space of p-frames and deduce, in turn, a classification of dense orbits of
certain horospherical flows. A similar result is obtained for Sp(2n, Z) for p = n.

Introduction

In [3], J. S. Dani proved that for I' = SL.(n,Z) or Sp(2n,Z) and v in V=R" or
R” respectively, the orbit I'v is dense in V if and only if v is irrational (i.e. not a
scalar multiple of a rational vector). Earlier, Greenberg [7] had shown that for
uniform lattices I' in certain classical groups (e.g. SL(n), Sp(2n)), I'-orbits of all
non-zero vectors are dense in the ambient vector space. A generalisation of
Greenberg’s result arises as follows: If G is a semisimple Lie group, I' a lattice in
G and U a horospherical subgroup acting ergodically on G/I" then every
U-orbit on G/T i1s dense. This result was proved independently by several
authors including W. A. Veech [13] and also in a paper (cf. [5], proposition 4.6)
of the first-named author. Veech also observed that as a consequence of the
above result if I is a uniform lattice in SL(n, R) and v is a {euclidean) p-frame
then I'v is dense in the space of p-frames, if p = n — 1. This led us to consider the
density of orbits of p-frames under non-uniform lattices. In the first two sections,
we derive sufficient conditions for the orbit of a p-frame under a lattice, not
necessarily uniform, to be dense in the orbit under the corresponding Lie group
(cf. Theorem 2.1). In §3, we deduce that if I' = SL(n,Z) and v is a p-frame over
R" with p = n — 1, the I'-orbit of v is dense in the space of p-frames over R” if
and only if v is “irrational” (that is, the p-dimensional subspace ‘“‘generated” by

Recetved June 6, 1979 and in revised form March 13, 1980

300



Vol. 36, 1980 ORBITS OF EUCLIDEAN FRAMES 301

v contains no non-zero rational vector). A similar result is proved for Sp(2n, Z)
with p = n (cf. Theorem 3.5).

In §4, we apply Theorem 3.5 to study the density of orbits of certain
horospherical subgroups. Let G =SL(n,R) and '=SL(n,Z). Let P be a
maximum dimensional parabolic subgroup of G and U be the unipotent radical
of P. Then U is a horospherical subgroup of G. We deduce that for x € G the
U-orbit of xT is dense in G/T if and only if x 'Ux is not contained in any
maximum dimensional parabolic subgroup defined over Q (cf. Corollary 4.1).
Lastly we also show that the closure of any orbit of U coincides with an orbit of a
subgroup H containing U (cf. Corollary 4.3).

It may be noted that our techniques are largely motivated by [3] and [12].

§1. Notations and preliminaries

(a) Frame spaces. Let V be a finite dimensional R-vector space equipped with
euclidean topology and n be the dimension of V. Let p=n —1. A euclidean
p-frame or a p-frame over V is an (ordered) p-tuple (v:, v -, v,) where
v, 02, ", 0, are linearly independent elements of V. For a p-frame v=
(v1, v, - - -, v,) we shall denote by (v), or (v,, v,, - * -, v,), the subspace generated
by v, 05 -+ -, v,. The set of p-frames may be viewed as a subset of W = V? =
VX VXXV (p copies) and we shall consider it to be equipped with the
subspace topology.

Let GL(V) be the (topological) group of invertible linear transformations of V
and G be a closed subgroup of GL(V). The natural action of G on V induces an
action on V? which restricts to an action on the space of p-frames over V. If
g € G andv is a p-frame, the product under the action shall be denoted by gv.

(b) Lie groups and their subgroups. Let G be a (connected) Lie group and let
g € G. The subgroup

U={u€G|gug’ —e asj—+x}

where e is the identity element in G, is called the contracting horospherical
subgroup associated to g. The contracting horospherical subgroup associated to
g~ ' is called the expanding horospherical subgroup associated to g. Let & be the
Lie algebra corresponding to G. Let & = X.., &> (direct-sum) be the decom-
position into generalised eigenspaces corresponding to Ad g; i.e. A is a suitable
indexing set and for o € A there exists an irreducible polynomial f, over R such
that

& = {X € | f.(Adg)X = 0for some r >0}.
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For each o, 8" is Ad g-invariant and all the eigenvalues of Ad g/®* have the
same absolute value, say A.. Set

u=» & and p= > &
Ao >1 Aa=1

Then u and p are Lie subalgebras of &. Let U and P denote the analytic
subgroups of G corresponding to u and p respectively. It is easy to verify that U
is the expanding horospherical subgroup associated to g (cf. [5], proposition 4.1).
It may be deduced from this that if G is a linear group then a horospherical
subgroup (contracting or expanding) consists of unipotent elements. A partial
converse is also true; if G is a reductive (completely reducible} linear group then
a subgroup U of G is horospherical if and only if U is the unipotent radical of a
parabolic subgroup of G.

The subgroup P as defined above is called the stable subgroup associated to g.
Consider the map M : P x U — G defined by (x,y)~ x -y where x € P and
y € U. Since M is analytic and the tangent map at e, (the identity), is obviously
an isomorphism, by inverse function theorem we obtain the following:

1.1. LemMa. There exists a neighbourhood P, of e in P and a neighbourhood
U, of e in U such that the restriction of M to P, x U, is a diffeomorphism of P, x U,
onto a neighbourhood ) of e in G.

1.2. LeMMA. Letg € G be such that Ad g is semisimple (diagonalisable over
C). Let {p«} be a sequence in the stable subgroup P of g such that p. —> e (as
k — x). Let {n.} be a sequence in N. Then g"p.g ™™ —>e.

Proor. Let &~ and A,, & € A be as before. Since Ad g is now assumed to be
semisimple A ;' Ad g is a rotation of &°. Hence there exists anorm || - | on & such
that for X € & [[(Adg)X| = A.[|X|. Without loss of generality, we may
assume that p, = exp Xi where X, € p (the Lie subalgebra corresponding to P)
and X —0. Then g"pg™ = g™ (exp Xi)g ™ = exp((Ad g)"X.). But since
X. €p, [(Adg)“X,||=||X. | > 0. Hence gupg ™ —e.

(c) Semisimple Lie groups. Let G be a (connected) semisimple Lie group
which admits no non-trivial compact factor. Let I' be a lattice in G; i.e. I'is a
discrete subgroup and G/T' admits a finite Borel measure p which is invariant
under the action of G (on the left). A subgroup L of G is said to be totally
non-compact relative to I if for any homomorphism p : G — §, onto a Lie group
S of positive dimension, such that p(I') is closed, the closure of p(L) in S is
non-compact.
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1.3. ProposITION. In the notation as above if L is a subgroup of G which is
totally non-compact relative to T then the action of L on G/I" is ergodic; that is, if
E is a Borel subset of G/T such that u(E AxE)=0 for all x € L then either
p(E)=0or u(GIT-E)=0.

Proor. Let G, G,, - -, G, be the connected simple normal (closed) sub-
groups of G. Let G* be the adjoint group of G and G*%, i =1,2,---,r the
images of G; under the adjoint homomorphism Ad: G - G*. Then G* =11 G*.
Let p: denote the ith projection. Let T be the unitary representation of G on
# = L*(GIT, u) corresponding to the G-action on G/T. To prove ergodicity of
the L-action it is enough to show that every T(L)-invariant function in # is
constant p-a.e. If i is an index such that the closure of p.(AdL) in G7% is
noncompact then by C. C. Moore’s ergodicity theorem (cf. [8] and also [4] §4)
every T(L )-invariant element of & is T(G:;)-invariant. Let G’ be the product of
all G; satisfying the above condition. Let F be the connected component of the
identity in CI(G'T); (““C1” stands for “closure of’’). In view of Borel’s density
theorem F is a normal subgroup of G. Let p: G — G/F be the quotient
homomorphism. Then evidently p(I') is closed and Clp(L) is compact. Since L
is totally non-compact relative to I', G/F must be trivial. Hence F = G and
consequently G'T is dense in G. Since G’ is normal in G (by a simple argument
involving the representation of G on the space of locally integrable functions on
G) this implies that the action of G’ on G/T is ergodic (cf. for instance [4],
corollary 3.2 for an idea of the proof). Hence every T(G')-invariant element of
# is constant u a.e. Hence every T(L)-invariant element is constant x a.e.

ReEMARK. In Proposition 1.3 as also in Theorem 2.1, we may drop the
assumption that G has no non-trivial compact factors provided I' is a lattice such
that under any homomorphism of G onto a compact group the image of I' is
dense. However we choose to ignore this to avoid complicating the statement of
Theorem 2.1.

(d) Dense orbits. The following result is well-known (and also easy to prove).

1.4. ProPOSITION. Let X be a second countable topological space. Let u be a
Borel measure on X such that . (Q) > 0 for every non-empty open set Q of X. Let
L be a topological group acting continuously on X and suppose that the action is
ergodic with respect to j. Then L -orbits of . -almost all points are dense in X. If ¢
is an ergodic homeomorphism of X (i.e. the action of {¢’ | j € Z} is ergodic) with
respect to . then for p-almost all points x, {¢'x l j EN} is dense in X.
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1.5. PrROPOSITION. Let G be a Lie group and T be a lattice in G. Let g € G be
such that Ad g is semisimple and the action of g on G/T is ergodic (with respect to
the G-invariant measure). Let U be the expanding horospherical subgroup
associated to g. Let H be the subgroup generated by U and g. Then every H-orbit
on G/I' is dense.

Proor. Let x,y € G/T" be given. Since the action of g is ergodic, in view of
Proposition 1.4 there exists a sequence {g.} in G, g« — ¢, the identity, such that
for each k €N, {g’(gx) l j EN}is dense in G/I'. Hence there exists a sequence
{n} in N such that g™gx —y.

Now let P be the stable subgroup associated to g and let P, and U, be the
neighbourhoods of the identity in P and U respectively such that the contention
of Lemma 1.1 holds. Then there exist sequences {p«} in P and {u, } in U such that
as k >, p, > e, uy — e and g = p«us for all sufficiently large k. Since n, 20
and p. —> e by Lemma 1.2 g™p,g™™ — e as k — . Hence

grumx = (g"pi'g ™) (g gx)>e-y =y.

Since g™u, € H and x and y are arbitrary, we conclude that every H-orbit on
G /T is dense.

The basic idea involved in the proof of the above lemma is due to G. D.
Mostow. The authors are indebted to G. Prasad for a discussion pertaining to the
proof.

§2. Dense orbits of lattices
The aim of this section is to prove the following result.

2.1. THEOREM. Let G be a (connected) semisimple Lie subgroup of GL(V)
where V is a finite dimensional R-vector space of dimension n. Assume that G
admits no non-trivial compact factor. Let I be a lattice in G. Letp =n -1 and
v=(0y, 0z, 0,) be a p-frame over V satisfying the following conditions:

(i) There exists a one-parameter subgroup {¢.} of G such that (a) {¢.} is totally
non-compact relative to I' and (b) there exist v,.1, 0512, *, 0. € V such that
{v1, 02, *, 0.} is a basis of V and for allt ER, ¢.v=e'v and ¢.v; = e"'v; where
s<iforalli=p+1,---,n

(ii) Gy is closed in the space of p-frames.

(iii) There exist sequences {y;} in T and {A;} in R% such that as j —> %, y;v—>0
and Ayy;v—w where w is a p-frame over V.

Then T'v is dense in Gv.
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ReMark. We note that conditions (i) and (ii) depend only on the G-orbit of
v. Indeed to obtain condition (i) for gv for some g € G one only needs to
consider the one-parameter subgroup {ge.g ~'}. For condition (ii) the assertion is
obvious. On the other hand it turns out that, in general, condition (iii) depends
on v within the G-orbit.

ExampLes. (a) Let G=SL(V)and p=n-1. Let v=(v,,0,,---,v,) be a
p-frame. Let 0,41, U4, - - -, 0. € V be such that {v,, v,, - - -, v.} is a basis of V. Let
¢., t ER be the transformation defined by ¢v; = e'v; for i =p and gv: = ¢
for p+1=i=n where s =p/(n— p). Since SL(V) is an almost simple Lie
group with finite center and {¢,} is a closed non-compact subgroup, it is totally
non-compact (relative to any lattice). Hence condition (i) is satisfied. Condition
(ii) follows since Gv obviously coincides with the space of p-frames.

(b) Let G be the group Sp(2n,R); i.e. G ={XESL(2n,R), XJ.X = 1.}
where ‘X denotes the transpose of X and

_ 0 E)
J"_(—E,. 0

where E, denotes the (n, n) identity matrix. Consider the natural action of G on
R*. Let ¢ ='0,0,--+,0,1,0,---,0), 1 =i =2n, where the entry 1 is at the ith
plabe. Let v be the p-frame (e, e, - -, ¢,) where p =n. Let ¢,t €R, be the
diagonal matrix defined by ¢.&; = e‘e; and ¢e..; = e ‘e, for i =p and ¢e; = e
and @#,.; = €,.; for p+1=i=n. Then ¢, € Sp(2n,R) and as in the previous
example, condition (i) is verified.

A p-frame (w,,---, w,) over R* is called symplectic if ‘wJ,w; =0 for 1 =i,
] =p- It is well-known that a p-frame (w,, - -, w,) is symplectic if and only if
wy,: -+, w, form the first p columns of an element of G = Sp(2n, R) (cf. [1],
theorem 3.8). Thus a p-frame w=(w;,---,w,) is in Gv if and only if w is
symplectic. Therefore condition (ii) in Theorem 2.1 is evidently satisfied.

In the next section, we shall identify the frames involved in Example (a)
(respectively Example (b)) which satisfy condition (iii) for the case when
I'=SL(n,Z) (respectively when I' = Sp(2n, Z)). In both the cases we shall also
conclude the converse statement that orbits not satisfying condition (iii) are not
dense.

The proof of Theorem 2.1 follows through a sequence of Lemmas. To begin
with, we shall let v= (v, v, - - -, 1,) be an arbitrary p-frame. The conditions of
the theorem will be brought into play as the proof develops. Set L =
{g€G|gv=v}, H={g € G|3a €R such that gv=av} and

P={g€G|g(vs, 05, +,0,)= (01,00, -, 1,)}.
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Then L, H and P are closed subgroups of G and L C H C P. We also note that L
is a normal subgroup of P. Indeed, the map p : P— GL((v1, v, " - -, v,)) defined
by restriction is a homomorphism with L as its kernel. Let U be the expanding
horospherical subgroup associated to ¢,. A straight-forward computation using
the definition of U, shows that v is fixed under the action of U. Therefore U is
contained in L.

Let W=V? and P=P(W) be the corresponding projective space. Let
am: W —(0)—P be the natural projection. The subgroups L and H are the
isotropy subgroups of v and (v) respectively under the G-actions on W and P
respectively. Let «:G/L—> W and B:G/H—P be the maps defined by
a(gL)= gv and B(gH) = mw(gv) respectively. It is well-known that the images of
a and B are locally compact subsets of the respective spaces and that
consequently ¢ and B are homeomorphisms onto their images. Also observe
that « and B are equivariant with respect to the G-actions. Hence the I'-orbit of
an element x in G/L (resp. y in G/H)is dense in G/L (resp. G/H) if and only
if the T-orbit of v=a(x) (resp. w(v) = B(x)) is dense in Gv (resp. m(GV)).

2.2. LEMMA. Let v and v' be two p-frames over V such that (v) =(v'). Then
T'v is dense in Gv if and only if T'V' is dense in GvV'.

ProOF. Viewing v and v’ as (n, p) matrices (with respect to a fixed basis) we
see that v =v-A for some A € GL(p,R). Hence I'v'=(I'v)A is dense in
Gv' = (Gv)A if and only if I'v is dense in Gv.

2.3. LemMma. Let v be a p-frame satisfying condition (i) of Theorem 2.1 and
let {¢.} be the one-parameter subgroup involved in the condition. Assume that
there exists a Cartan subgroup A (centraliser of a Cartan subalgebra) containing
{@.} such that A{v) = (v) and A NT isa latticein A. Then I'v isdense in Gv.

ProoF. In the notation preceding Lemma 2.2, we only need to show that
IT'L/L is dense in G/L. Recall that L contains the (expanding) horospherical
subgroup U corresponding to {¢}. Since {¢.} is totally non-compact relative to
T, it follows that U is also totally non-compact relative to I'. Therefore so is L.
Hence by Propositions 1.3 and 1.4, there exists go€ G such that Lgo'T'/T is
dense in G/T'. Equivalently, ['goL is dense in G. Since L is a normal subgroup of
P, for any x € P, ['goxL =TgoLx is dense in G; i.e. I'(gox)L/L is dense in G/L.
We now show that there exists x € P and a sequence {y.} in T" such that
L — goxL (as elements of G/L), which completes the proof.

Recall that the subgroup H contains {¢.} and also U. Hence by Proposition
1.5, every H-orbit on G/T is dense. Dualising this as before, we deduce that
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there exists a sequence vy in I" such that yiH — goH (as elements of G/H).
Hence there exists a sequence {h.} in H such that yihL — goL. Let ¢ € G be
an element such that ov = —v, if the latter condition is satisfied for any element
at all; otherwise let o be the identity element. Then o € P. Since by hypothesis
o.v = ¢'v we deduce that every element of H is contained in either ¢.oL or ¢ L
for some ¢t € R. Therefore, by passing to a subsequence we may assume that
h« = ¢, 01 for all k €N where o, is either o or the identity element.

Now recall that A NT is a lattice in A. Since A contains a co-compact abelian
Lie subgroup, any lattice in A is co-compact. Hence A /(A NT) is compact.
Therefore there exists a compact set C such that A = (A NT)C. Let {6} and
{cc} be sequences in A NT and C respectively such that ¢, = 8c«. Since C is
compact, again by passing to a subsequence if necessary, we may assume that
¢ —>c € C. Set v« = yibi. Then

YL = yidL = yip,ci'L = yiloi'ci'L
= (yihl)oi'ci'— goloi'c ™ = go(oi'c )L,
Note that ¢”'€ A C P. Hence o;'c™' € P, which completes the proof.

2.4. LemMA. Let v be a p-frame satisfying condition (i) of Theorem 2.1 and
let w= hv where h € G. Let Q) be a given neighbourhood of h in G. Then there
exists g € Q) and a Cartan subgroup A containing {go.g "'} such that A{gv) = (gv)
and A NT is a lattice in A.

Proor. Because of condition (i) there exists a Cartan subgroup A’ contain-
ing {¢:} such that A'(v) = (v). By a theorem of G. Prasad and M. S. Raghunathan
(cf. [10]) there exists g € G such that gA'g ™' NT is a lattice in gA’g~". Their
proof also shows that g can be chosen in any given open subset of G. Then
A = gAg ™" obviously has the desired properties.

ProoF OF THEOREM 2.1. Let v=(v,,v;,---,1,) be a p-frame satisfying
conditions (i), (ii) and (iii). Let w be the p-frame as in condition (iii). Since
A/Yi¥ = Y@ 5, Y —> W by condition (ii) wE Gv. Let h € G be such that w= hv.

Let v,.1,- - -, v, be as in condition (i). Set w; = ho; for all i =1,2,---, n. Then
{wi, w;, -+, w.} is a basis of V. Let Q) be a symmetric neighbourhood of the
identity in G such that when represented with respect to the basis
{wi, wz, - -, w,} the principal (p, p) minor of any element of ) is invertible.

By Lemma 2.4 there exists g € 0k and a Cartan subgroup A containing
{go.g '} such that A(gv)=(gv)and A NT is a (uniform) lattice in A. Set f= gv.
Then by Lemma 2.3, T'f is dense in Gf. We shall show that the closure of I'v
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contains a p-frame £ such that (§) = (f). In view of condition (ii) and Lemma 2.2
this would complete the proof.

Set ¢ =gog ' for all tER and fi=gv for all i=1,2,---,n. Then
{f,f» -+, f.} is a basis of V and f= (f,, fo, - - -, f»). Also note that for all t ER,
Y. f=e'f and ¢.f = e*f. where s; <1 for i Zp +1. Now let {y;} and {A;} be
sequences as given by condition (iii). Put a; = ¢, where f; = log A;. Let

'iji = 2 o f_';)fk and W, = 2 B (k )f

1=k=n s=ksn

be the decompositions with respect to the basis {fi, fo, -, f.}, where i=
1,2,---,p and j € N. Since as j — , A;y;p, = w;, we obtain that A, — B{* for
ali=1,2,---,p and k =1,2,---, n. Now

a;yiv: = 2 Aam 2 "af';)fk

p+1§k§n

= Z Naf i + E APTP(Na ) fi

1sk=p p+isk=n

- 2 BYRt 3 0.BYf= 3 RS
ISkSp k=p

as j — ®. Here we have used that A{*"”— 0 (as j — %) which is true since A; —
and s, <lfork=p+1.

Now let C be a compact set such that A = C(A NT). Let {¢;} and {y} be
sequences in C and A NT respectively such that a; = ¢;yj. By passing to a
subsequence if necessary we may assume that ¢;—>c € C. Set § = vyjy, €L
Then for 1=i=p, v = ¢j gy — ¢ (B fi). Notice that in view of our
choice of f=gv, (B%)ix-12., is the principal (p, p) minor of a matrix in €.
Hence (B%¥) is invertible. Set & =c¢ (EB¥f) for i=1,2,---,p. Then §=
(&1, &, -+ -, &) is a p-frame and (£) = {f). By condition (ii) £ € Gv and by choice,
f€ Gv.Since §;v— £ and §, €T for all j, as observed earlier, by Lemmas 2.2 and
2.3 I'vis dense in Gv.

§3. Orbits under SL(n,Z) and Sp(2n,Z)

In this section we identify the p-frames satisfying condition (iii) of Theorem
2.1 for the groups SL(n,Z) and Sp(2n,Z) (for p =n in the latter case) and
deduce a necessary and sufficient condition for a SL(n, Z) (or Sp(2n, Z)) orbit of
the frame to be dense in the space of all (resp. all symplectic) p-frames, with p as
above.
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Let E, denote the r-rowed identity matrix and O the zero matrix of
appropriate size. For any matrix P = (p,), we denote max,; [p;| by ||P]|, the
norm of P.

If L = (I;) is a real (m, p) matrix of rank p such that the only rational column
matrix which is a linear combination with coefficients in R, of the p columns of L
is the zero column, then the p linear forms X xi<m bix; in x4, <, xm for 1 =j=p
have rationality rank p in the sense of Kronecker ([9], §41). Such a matrix L is
called irrational and any p-frame v = (v,," - -, v,) over R™ for which the matrix
(v, -+, v,) is irrational is called an irrational p-frame over R™. Observe that a
p-frame v is irrational if and only if (v} contains no non-zero rational vector.

3.1. LemMA. For any integral (m, n) matrix X of rank m < n, there exists U in
SL(n,Z) such that XU = (D, 0) with an integral (m, m) matrix D whose inverse
has entries bounded by 1 in absolute value.

Proor. If 'x is the first row of X, there exists U, in SL(n, Z) such that
‘xUo = (do, 0, - - -, 0). By induction, there exists U, in SL(n — 1, Z) such that if X
is the (m — 1, n — 1) matrix formed by the last n — 1 columns of the last m — 1
rows of XU,, then X, U, = (D,,0) with an invertible integral (m —1,m —1)
matrix D, for which ||D7'||=1. If now

1 0

V= Us <0 U1

) and XV=(d0 0 O),

y D 0

there exists an (m — 1)-rowed integral column ¢ such that | D'y +¢]|<1. Let

_(1 0) _ (vl 0\
V,—(t g, ) and U=V({ E"_m),

then XU = (D, 0) with

—(d O -
D—(z D;) and z=y+ D

Since
o dy' 0 )
D - (-dalDIIZ D-]—l B
it is clear that [ D7'||=1.

3.2. ProposITION.  Given an irrational (n, n — 1) real matrix L, there exist a
sequence {A.} in RI tending to © and a sequence {M.,} in SL(n,Z) such that
lim,_.. AML exists and is of rank n —1.
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Proor. From ([9], satz 62), we know that, since L is irrational, for a given
€ >0 there exists an integral (n — 1, n) matrix X such that XL is invertible and
further || XL|<e. By Lemma 3.1, we have X =(D,0)U™" for some U in
SL(n,Z) and for an integral (n — 1, n — 1) invertible matrix D with [ D' = 1. If
we set P = (E.-;,0)U7’, then PL is invertible and, moreover, we have ||PL | =
ID'XL || < (n - 1)e. Thus, for

v = (),
q

we may now choose an integral column g such that if we set ‘h ='q(PL)"-"g

then || || = 1. Putting
v=(B2 Do
— lg 1 b
we see that | VL | <(n —1)’s. It is immediate then that a sequence {A.} in R}
tending to © and a sequence {M.} in SL(n, Z) exist such that the (n, n — 1) real
matrix A = lim,_..AML has rank at least equal to 1.
Let
a-(% o) B withr=1,
* 0
for an invertible (n — 1, n — 1) real matrix B. If r <n — 1, we will show that M,
can be suitably modified in SL(n, Z) so as to obtain the same assertion about A
with r + 1 instead of r. This will clearly complete the proof of Proposition 3.2 by
induction.
From above, we have for all sufficiently large t,

(A, Az)
"'M‘L‘(A3 A B

with A, close to E, and A,, A, close to 0. Evidently, there exists a sequence {C,}
contained in a fixed compact neighbourhood € of E._, such that

E, 0

_ al”'ar ar+l”'an-1
AML = bi--<b b1 b C.B.

% *

Since PL has rank n — 1, we may, without loss of generality, suppose that not all
b, for j >r, are zero. Let | b, | = max;, | b; | ; we may assume that s = r + 1, after
suitably modifying (3. Now there exists k (depending on t) in Z such that
1=|kb, + a,| =2. Further, for j >r, we have
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|kb, + a;|=|a;| +|k]||b|=]a;|+2+]a,].

Since, for j >, all a; and b; tend to 0 as ¢ tends to infinity, it is clear that kb; + g;
are bounded for j >r. Choose n,, -+, n, in Z such that [kb, + a; + n, | <1 for
1=i=r Setting

E, 0
e_ [mm 1k 0---0
M7 0---0 01 0---0 M,
0 0 E._

it is easy to check that, for a suitable subsequence {A;} of {A.}, lim;- AM 3L
exists and has rank at least equal to r +1 and we are through.
We now take up the analogue of Proposition 3.2 for the case of Sp(2n, Z).

- (2

be a real (2n, n) matrix of rank n with ‘PQ ='QP and let L be irrational. Then
there exists a sequence {A.} inR% tending to © and a sequence {M,} in Sp(2n,Z)
such that lim, .. AML exists and has rank n.

3.3. ProPOSITION. Let

Proor. Assume that 1=r<n and that, for any ¢ >0, there exists an
integral (r,2n) matrix X for which XL has rank r,|XL| < ¢ and further,

O En) t —
X ( _E. 0 X=0.
We shall then uphold the same assertion with r + 1 (= n) instead of r. For r = 1,
the existence of such an X follows (cf. [9]) from the fact that the n linear forms
(in 2n variables) corresponding to L have positive rationality rank. If

0 E")

* =
X X(—E.. 0

then the rationality rank corresponding to (L, ‘X *) is still n. Therefore, from [9},
there exists an integral (n,2n) matrix Y such that [| Y(L,'X*)||< ¢ and further
Y(L,'X*) has rank n. Since we may certainly suppose that ¢ <1, we have
Y(L,'X*)=(YL,0) and therefore YL has rank n and further | YL|<e. If
‘Y1, * *,'ya are the rows of Y, we assert that at least one of y,, * - -, ya, say ¥, has the

(‘ ’ L
y
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has rank r + 1; for, the number of linearly independent rows of the form 'xL with

(2)

having rank r is at most equal to r, while we know that YL has rank n.
Continuing the induction argument up to r = n —1, we obtain, for € >0, an
integral (n,2n) matrix X such that XL has rank n, | XL | <e and further

0 En) ‘5 —

X (— E. 0 X=0.

Now by elementary divisor theorem and ([11], p. 101) there exists an invertible
integral (n, n) matrix D such that X = DX and X can be completed to an
element M* of Sp(2n, Z). Replacing X and D by UX and DU respectively,
with a suitable U in SL(n, Z), we may, in view of Lemma 3.1, suppose already
that || D™']|< 1. Thus, for any &£ >0, we have shown that there exists an integral
(n,2n) matrix X with some

=)

%

in Sp(2n,Z) such that P,= XL has rank n and ||P,||<e. If

meL=(g)

then Q,P7'="(Q:P;i*)=T + R for an integral symmetric T chosen such that

[R||<1. Then
E, 0 *

and we are in a position to conclude the existence of {A,} tending to « and {M,} in
Sp(2n, Z) such that

< ne

A .

exists and rank A = 1.
We next show that if {M,} and {A.} are sequences in Sp(2m,Z) and R}
respectively, such that A, =« and

im ML= ()
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where A and B are (n, n) matrices and A has rank p, 1 = p <n, then there exist
sequences {M’} and {A} in Sp(2n, Z) and R* respectively such that A ;— « and
where A’ and B’ are (n,n) matrices and A’ has rank at least p+ 1. The

proposition then follows from an obvious induction argument.
Let the notation be as above and let C € GL(n,R) be such that

_(E, 0)
A (A, 0) &

As before there exists a bounded sequence {C.} in GL(n, R) such that AML =
V.C.C where V, is a bounded sequence of matrices having the form

E, 0
X X
Vo=t L
Y, Y

where X, and Y, are (n — p, p) matrices, Xtand Y are (n — p, n — p) matrices, L,
is a (p, p) matrix, L} is a (p, n — p) matrix and 0 is the (p, n — p) zero matrix. If
either {X'} or {Y'} does not tend to zero then our assertion about improving the
rank is obviously satisfied. Hence we may assume that X;—0 and Y.—0.
Observe that since ML has rank n, for any ¢,

X
L:}#0.
Y,

Replacing M, by yM, where y €Sp(2n,Z) (and C,C by another bounded
sequence of matrices) we may assume that for ¢ in a subsequence, Y;# 0. If X is
non-zero for a subsequence in ¢ then this can be accomplished by a permutation
matrix. On the other hand if X and Y are zero for all large ¢ and [ is such that
the Ith row of L/ is non-zero for a subsequence in ¢ we may choose

E -T, O
0 E.p |
y={------- e
0 'E o
'T  E.,

where T is the matrix whose entries other than the (1,/)th are zero and the
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(1, Dth entry is m € Z— (0). Passing to a subsequence if necessary, we may
therefore assume that there exists i, 1 =i = n — p such that b}, the ith row of Y,
is non-zero for all t. Let a, b, and a, denote the ith rows of X, Y, and X,
respectively (in the corresponding subsequence). Since b; # 0 and a and b’ tend
to zero, for sufficiently large ¢ there exist k, € Z such that

(@) 1=|a,+kb)|=2.
For all large ¢, let m, and o, be (1, p) matrices such that m, is an integral matrix,
Jo.l <1 and

(b) a. + kb, =m +v,.
Let Z, be the (n — p, p) matrix whose ith row is m, and all others are zero.
Finally, for all large ¢ let T, be an integral symmetric matrix such that

) 13(mb, +'bm,)+ T,[| < 1.
Consider the elements 0. € Sp(2n,Z) defined (for all large t) by

E. 10\[E o0 i 0 E, | kB)
|
! -Z E.,! i
S eieboy Rl | i ity | il ety
T, 0 W E, ‘Z :
|
0 01 E, 0 o E._/\o \E.

B; being the (n, n) matrix whose (p + i, p + i)th entry is 1 and all others are zero.
We show that AaML is a bounded sequence of matrices and that if

(5)

BI

is the limit of a convergent subsequence where A’ and B’ are (n, n) matrices
then A’ has rank at least p + 1. Let

.= (z)

where K, and R, are (n, n) matrices. Then clearly

( E 0)
K'"(—z,+w. Wi

where W, and W are identical to X, and X respectively, except for the ith
rows, the latter being a, + kb, and a’+ kb respectively. Since V, is a bounded
sequence, in view of (a) and (b) it follows that K, is bounded. Again clearly

R = (T. +L +'ZY. L2+‘Z.Y:)
! Y. Y: )
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But
T; + tZlYl = ’Tt + ‘mlbl

= {T; + %(tmfbl + Kblml)} + il’(‘mlb‘ - 'b,m,).

By (c) the first term is bounded. In view of (b) the second term equals
H('a. —'v,)b, — ‘b, (a, — v,)} and the latter is bounded since V, and v, are bounded.
Also

‘ZY ="'mb,= (‘a + k'b, —‘v,)b;
= (a, —'v.)b:+"'b. (kb))

In view of (a), kb: is bounded. Since the other terms are also bounded as
observed earlier, we conclude that 'Z,)Y: is bounded. Since Y, and Y are
bounded it now follows that R, is bounded. Therefore

AoML = (a,V,)CC = (g’) cC

is a bounded sequence of matrices.
Finally let
(3)
B’ s

where A’ and B’ are (n, n) matrices, be a limit of a subsequence of {A,o.M.L}.
Then A’ = K'C'C where K’ and C’ are limits of certain subsequence of {K,} and
{C.} respectively. Since

_ E, 0)
K’"(—z,+W, W

and by (a) W’ has no subsequence tending to zero, it follows that K’ has rank at
least p + 1. Since C'C is non-singular A’= K'C’'C has rank at least p + 1.

3.4. THeorReM. (i) LetG =SL{(n,R),I =SL(n,Z)and v any p-frame over R"
with p = n — 1. Then T'v is dense in the space of all p-frames over R" (and hence
in (R"Y) if and only if v is irrational.

(ii) Let G =Sp(2nR), I'=Sp(2n,Z) and v any symplectic p-frame over R*"
with p = n. Then T'v is dense in the space of all symplectic p-frames over R*" if
and only if v is irrational.

Note. It turns out that in the case of Sp(2n, Z) Theorem 3.4 can be deduced
from Proposition 3.3 using Proposition 1.5, without involving Theorem 2.1. For
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the case of SL(n, Z) however, that method works only for p = n/2. We include
only the following general proof.

Proor. Clearly, it is enough to prove the theorem for p=n—1 and n in
cases (i) and (ii) respectively. If v is an irrational p-frame satisfying the
hypotheses (in either case), then in view of the foregoing the conditions of
Theorem 2.1 are fulfilled and therefore I'v is dense in Gv, which is just the space
of all p-frames over R" in case (i) and the space of all symplectic p-frames over
R* in case (ii).

Let v= (v, --,v,) be a p-frame which is not irrational. Then there exists a
p-frame w = (w,, - - -, w,) with w, integral such that (v) = (w). Clearly I'w cannot
be dense in Gw and therefore by Lemma 2.2, I'v cannot be dense in Gv.

§4. Application to horospherical flows

We now apply Theorem 3.5 to study density of orbits of certain horospherical
subgroups of SL(n, R). (cf. §1, (b) for the definition and recollection of certain
well-known properties).

4.1. CoroLLARY. Let U be a (minimal) horospherical subgroup of G =
SL(n, R) such that U is the unipotent radical of a maximum dimensional parabolic
subgroup of G. Let I =SL(n,Z) and x € G. Then the following statements are
equivalent:

(i) The U-orbit UxT /T is not dense in G/T.

(i) x'Ux is contained in a maximum dimensional parabolic subgroup defined
over Q.

(iii) x~'Ux is contained in a proper R-algebraic subgroup which is defined over

Q.

Proor. It is well-known that if P is a maximum dimensional parabolic
subgroup of SL(n, R) then either P or ‘P = {'A | A € P} is the isotropy subgroup
of an element in P"~' under the natural action. Evidently it is enough to prove
the Corollary in the latter case. Observe also that the Corollary is true for U if
and only if it is true for some conjugate gUg ™', g € G. Let {e;,,i = 1,2, -, n} be
the standard basis of R” and 7 : R" — (0)— P""' be the natural projection. Since
the action of G on P"' is transitive by replacing U by an appropriate conjugate
if necessary, we may assume ‘P to be the isotropy subgroup of = (e,). Then it is
easy to verify that U is the isotropy subgroup of the (n—1)-frame e=
(e, €2, -+, e._1). We now prove the equivalence of the statements for this U.
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(i) = (ii). Suppose that UxI'/T is not dense in G/T'. Then UxT is not dense
in G and hence I'x~'U is not dense in G. Hence by the remarks following the
statement of Theorem 2.1, if v= x ‘e then I'v is not dense in Gv. Therefore by
Theorem 3.5, v is not irrational. In other words, there exists a (n — 1)-frame
w=(wy," ", w,_,) such that w, is an integral vector and (v) = (w). Let O be the
isotropy subgroup of m(w,) under the natural action. Then Q is a maximum
dimensional parabolic subgroup defined over Q. Also since w, € {v), x 'Ux is
contained in Q.

(ii) = (iii) is trivial.
(iii) > (i). Let L be a proper R-algebraic subgroup defined over Q and

containing x ~' Ux. Then there exists a Q-rational representation p : G — GL(R")
for some g >1 and a rational vector w, € R? such that

LC{geG [p(g)w(): tw, for some t € R}
(cf. proposition 7.8 [2]). Also set
L'={geCG [p(g)w0= Wo}.

Since x 'Ux consists of unipotent elements it is contained in L’. Since w, is a
rational vector p(I')w, is a closed subset of R?. Therefore 'L’ is a closed subset of
G. Evidently it is also proper. Hence I'x 'U CI'L’x™" is not dense in G.
Therefore by inverting, as before we conclude that UxI'/T is not dense in G/T.

4.2. PROPOSITION. Let v=(v:,0s, "+, 0,-,) be a (n — 1)-frame over R" such
that (v,,v;,---,v,), where 1=p<n-1, is an irrational p-frame and
Upi1, Upao, * * *, U,y are rational vectors. Let

o= {y ESL(n,Z), yo = v fori = p+1}.
Then T'o(v,, vz, - - -, v,) is dense in the space of p-frames over R" (and hence in

R")).

ProOF. Replacing v by vA where A € GL(n - 1,R) is chosen suitably, we
may assume that (0,+1, D12, * * *, Ua_1), viewed as a (n, n — p — 1) matrix, is integral
and primitive. Then there exists y € SL(n, Z) such that

Y(vP*'l’ Op+2, "7y vﬂ—l) = (ep+2’ €p+3 " 0, en)'

Therefore again replacing v by yv we may assume without loss of generality that
(Up+1,* " ", 0ua1) = (€42, * *, €.). Then v viewed as a matrix has the form
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b &)
D En—p—l

where C and D are (p + 1,p) and (n — p — 1, p) matrices respectively. Further,
the columns of C form an irrational p-frame over R”*'. Also with the above
assumptions,

r:{(X 0 ) .XESL(p+1,Z)aninsany}
0 Y En—p—l )

integral (n —p — 1, p + 1) matrix

(5)

S

be the matrix corresponding to a p-frame over R" where R and S are (p + 1, p)
and (n —p — 1, p) matrices respectively. Let £ >0 be arbitrary. Since C is an
irrational p-frame there exists X € SL(p + 1,Z) such that || XC||<e. Let B be

an invertible (p, p) minor of XC. Let Y’ be an integral (n — p — 1, p) matrix such
that (D -S)B™'—Y'|=1 and let Y be a (n —p —1,p + 1) matrix such that

YXC = Y'B. Setting
(% &) (6 5
y‘ Y En‘p—l 0 En—p—l

Now let

Observe that [YXC+D-S§|=Y'B+D -S| =|{Y'+(D—-S)B™'}B| < pe.
Also by irrationality of XC and Theorem 3.5 we can find X' € SL(p + 1,Z) such
that [ X’XC - R||<e. Put
X' 0
Y \o E../ "

(5)= (vxc+p)
Y \Dp YXC +D

#(5)- ()] <oe

Since & >0 is arbitrary and y,E T, we conclude that

Then

and hence
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RY. . C
(S) isin the closure of [’y (D) )

Hence I'o(v:, v2, - ", v,) 15 dense.

4.3. COROLLARY. As before, let G = SL(n,R), I’ = SL(n,Z) and U the unipo-
tent radical of a maximum dimensional parabolic subgroup of G. Then for all
x € G, the closure of UxT/T" in G/T is of the form HxT' [T where H is a (closed)
subgroup of G.

Proor. By the inversion argument used so often, it is enough to prove that
for any y € G the closure of I'yU is of the form I'yH where H is a subgroup of
G. So let y € G and put v = ye where, as in Corollary 4.1, e= (e,, €z, * - -, €._1).
As in Corollary 4.1 we may assume U to be the isotropy subgroup of
e=(e,ey --,e,) in G. Let AEGL(rn—-1,R) be such that w=vA =
(Wi, wa, - -, w,_;) where (wi, w,, - -, w,) is an irrational p-frame with p=n -1
and w,.,, -, w._, are rational vectors. If p = n —1 then v is irrational and
therefore by Theorem 3.5, I'yU is dense in G; in this case, we may choose
H = G. Next let p<n -—1. Put

G’={g€Glgw,—=w.~ foralizp+1} and I'=sTNG".

By Proposition 4.2, I"(w,, w,,---,w,) is dense in G'(w;, w,, -, w,). Since
obviously I G'(wy, wa, - - -, w._1) is a discrete union of {y,G'(w,, - - -, w._;)} where
{% l k € N} is a set of representatives of I'/T”, the above implies that the closure
of T'win Gw is precisely I'G'w. Hence I'G'v is the closure of I'vin Gv. Recall
that yUy ™' is the isotropy subgroup of v and hence yUy ™' is contained in G’.
Therefore the above assertion means that I'(yUy ~') has 'G' as its closure in G.
Hence if we put H = y 'G'y, then I'yH is the closure of I'yU in G, which proves
the Corollary.

Corollary 4.3 signifies that the closure of every orbit is geometrically a nice
object — a homogeneous space. In [6] a similar result is proved for minimal
(closed invariant) sets of maximal horospherical flows on homogeneous spaces of
certain semisimple Lie groups. In a forthcoming paper, the results of [6] are
generalised to maximal horospherical flows of any semisimple Lie group on any
of its homogeneous spaces with finite invariant volume.
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